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Abstract—The two-electron repulsion integral (ERI) is a
fundamental component in quantum chemistry, involving the
calculation of integrals over four basis functions. Quantum
chemistry computations require O (M 4) 4 ERI calculations for
M basis functions, making ERI evaluations a significant bot-
tleneck in these computations. In this paper, we propose an
efficient GPU-based parallelization of the McMurchie-Davidson
algorithm, which recursively computes ERI. Our method focuses
on optimizing the computations by leveraging the shell param-
eter, which characterizes the shape of the basis functions. The
results demonstrate that the shell-based optimization achieves a
performance improvement of up to 15% compared to the non-
optimized approach.

Index Terms—molecular integrals, two-electron repulsion in-
tegrals, quantum chemistry, GPU, CUDA
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TABLE I
THE NUMBER OF GAUSSIAN-TYPE ORBITALS IN THE SHELL
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Algorithm 1 Parallel ERI algorithm for basis functions
Input: NV basis functions
Output: ERIs for all combinations of four basis functions
1: for all u,v, \,o such that 4 < v, A < o, and (p,v) < (A, 0) do in
parallel

2: t<«0//Eq. 4)

3: forall e, f,g,h do

4: t < t+du.dv;dy,do, [uevi|Agon] // Algorithm 2
5:  end for

6:  (uvlho) «+t

7: end for

Algorithm 2 Parallel ERI algorithm for Gaussian-type orbitals

Input: Four Gaussian-type orbitals G, Gy, G, G4
Output ERI [ab|cd)
: for k =0to K do
Compute R values in batch k in parallel
: end for
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Algorithm 3 Parallel ERI algorithm for shells

Input: M shells

Output: ERIs for all combinations of four basis functions

1: for all £,7,6,x such that £ < 7, 0 < k, and (§,1) < (0,k) do in
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2:  Compute all Fy,(w|P — P’|?) values in (£1|0x) in parallel
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5 end for

6: end for
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Fig. 1. Computation of R values for each batch using triple buffering of the
shared memory
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KER2 I AEERTIE, ZRTFDFICBET 2 FE TR O
BiTol. ZEFHFLLTRYE Y (CHg), F7XL
(CyoHy), M{t#H (CuO) Z{HH L, FEREICIX STO-3G
B v b [11] KO 6-31G+ KRRt v + [12] 2
L7z, REBIL, BICEBOSFRICBLTEEIEDE
HLDFRETH 202 MGET 2 Z e 2 FHME LTWA3.

RIZ, EFE1IZOVTORREZRT. RIIHDERID
B0, METHHAL@ED, REBKOMEEKE M & L
g MOLEDOCEMAD) gy CHIL TN, SR E
b, HETSFICBWTIE, 1BISPIX IBICI X b & EAR
WKWHTH 5 2 WOfEERME SNz, 2D, BEFD T
ERIGHEZ1TSHE, EAMIZ IBICI 713V X a%2H
WEHPEHRTH DL WSIHICKRS., ZIT, RLIIREH
TW3 % shell DEFUCEE T % &, SHEEBAEI 2 IcHKD
FRTFERORERPPEOMEL 1 £ hoTWS. IR,
cc-pVQZ Tl f-shell DIEEA 1 D 7o TW3. ZDEA,
BOHFEIZFDEW, 400 fshell 22572 ERIIZ 1D
UEER T, IBISP 703V X A DF&ET | 1Block TEHE
TR D., FRUIKRL, IBICI 713V XADBFE,
&b SN ETFEOKEZMEOELD 1 T3, fle LT
cc-pVQZ TiX f HLEDERD 10HTH 2. 2D/, 4O

2
D fiEH 57 % ERL IE 1010+ 1)(107+ 10 +2) = 1540

Mﬁﬁbfméﬁ,muﬂ7wj01i®%ﬁL1MOM®
Block ZH| D Y TTEEZITO 282k b. ZD%, 1BISP
X 1BICI & L8 U153 AR5 B & 72 & 72 WETEER 0 D3 AE
L, ZHADEET IBICI & h HEHITHZ > TV B LR X
na.

F7z, RINIBWT, cc-pVQZ HEBEE L v b Z AW
LEDEHR Y LR L, cc-pVSZ, 6Z FREREEE v + % H
WG EDOEHILERE L o TWab., X, cc-pVQZ
HERE Y v b DA shell (2B 2 ERI OEED D 72w
728 GPU Z W= bR H E 1o Tunwiznizo
ThHb RN,

FLUIIZ, EBR2ICOVWTOEREREZRT. R L
T, R TOIREFEE (1BISP) 1, 1BICI ¥ Lb#E L T
KILISEOEHELEZER L. T2, EBRER»S, TR
TOF —RIZBWT L1 FRiEOES#FELZER L TWD Z
EWgH, B, 2, 1RERELE (IBISP) X 1BICT & HER L
Boys B D FHIEEIX % HITKATRET H 5 72, —EDRHE %
BONTEVIHEEEKRL, BRARDTRIIBOVTHES
T FETHE e 2REBLTWS.

FBR 2 DRIRT D 2 Z 7T 71281 5 ERI FE TR,
K1 OBBETOTICBI2b0 KT 22, KNI
ERIERPEL BoTWA, ZhUTlE, KELHFT2o
DOHEEMNREZ HND. FH—IZ, 1BISP DJ75 ERI DIELH
2L %o TW\WB7=8, FiR L7z 1BISP 71T Y X LD F X
Uy FTHBH0RAMHEICE SR WEEND 2 5% B
TETCVEREERIIE->TVWEEEZONS. H T, HF
FHT 2R T 7T (8) TR L7 Boys B D RIS
BOTKERBVDD . BETFHFOHE, ETORK
RAESe shell AE—D#LEFLERD. 204, X (7)HFD
|P—P'| 3&TO LD, #RE LT Boys MDA TS
2THETOLRD. Z0A, HETSTFOHAEI ERIGT
i M TR 2 MREHE 2 125 %, shell \IZDWT D ERI
TS RARDHETH % Boys IO EREAINZ 5 h
V) EERIZE AETENERY. ZRUTHL, ZRTD
TOHE, |P—P| DI AYIZ0 TERWEEZIS 725,
Boys BIEOFHIfilEE 2 A MREHE 72D, shell IZDWTD
ERI 2175 Z 1T & % Boys BIEGHIEIEH 2 B2 K%
(B2 Z e DSAJREIC T2 5.
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TABLE II
COMPUTATION TIME OF ERIS FOR MONATOMIC MOLECULES

monatonic Hydrogen (H)
Basis function set cc-pVDZ  cc-pVTZ  cc-pVQZ cc-pV5Z cc-pVoZ
s-orbitals 2 3 4 5 6
p-orbitals 3 6 9 12 15
d-orbitals 0 6 12 18 24
Basis Functions f-orbitals 0 0 10 20 30
g-orbitals 0 0 0 15 30
h-orbitals 0 0 0 0 21
ERIs 120 1,035 198,765 3,088,855 32,012,001
s-shells 5 7 9 12 15
p-shells 1 2 3 4 5
d-shells 0 1 2 3 4
Shells f-shells 0 0 1 2 3
g-shells 0 0 0 1 2
h-shells 0 0 0 0 1
ERIs 231 1,540 7,260 32,131 108,345
Computation time [s] 1BICI 0.001 0.004 0.054 0.976 14.874
IBISP 0.001 0.020 0.294 3.742 38.545
Speed-up 1.36 0.23 0.18 0.26 0.38

TABLE III

COMPUTATION TIME OF ERIS FOR POLYATOMIC MOLECULES

Benzene (CeHe) Naphthalene (C1oHg) Copper oxide (CuO)
Basis function set STO-3G 6-31G** STO-3G 6-31G** | STO-3G 6-31G**
Basis Functions s-orbitals 18 30 28 46 6 8
p-orbitals 18 54 30 84 12 18
d-orbitals 0 36 0 60 6 18
f-orbitals 0 0 0 0 0 10
ERIs 222,111 26,357,430 1,464,616 164,629,585 45,150 1,103,355
Shells s-shells 54 84 84 132 18 32
p-shells 18 30 30 48 12 20
d-shells 0 6 0 10 3 5
f-shells 0 0 0 0 0 1
ERIs 3,454,506 26,357,430 | 21,487,290 164,629,585 157,641 1,464,616
Computation time [s] 1BICI 1.590 26.018 10.364 166.790 0.452 5.261
1BISP 1.427 22.451 9.444 145.868 0.395 4.732
Speed-up 1.11 1.15 1.09 1.14 1.14 1.11
VIII. ¥ [6] S. Boys and A. C. Egerton, “Electronic wave functions-I. A general

AT, LATOFK A DL TIRE LMD 713V
A LEATD =D DORRO BV GPU FE3EzoWT, DUTdE
JERAEIZ D WT D ERIIZ 1 DD CUDA Block Z %[ Y4TT
Wz ZA %, shell IZDWTO ERIIZ 120 CUDA Block
REIDYTRE TR L. ZH 20D ERI GIE O EIE
MZEFHHIL/- 25, ZHRFOFTOERTIIBVTRA 1.15
fEoEE b EER L 7.
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